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Abstract. We investigate the branching ratios and direct CP-asymmetries of the Bf — D%r" and
Bf — D*7° decays in the PQCD approach. All the diagrams with emission topology or annihilation
topology are calculated strictly. A branching ratio of 107¢ and 1077 for BX¥ — DT and Bf — D*x°
decay is predicted, respectively. Because of the different weak phase and strong phase from penguin
operator and two kinds of tree operator contributions, we predict a possible large direct CP-violation:
ASL(BE — D7) ~ —50% and AL (B — D*7%) ~ 25% when v = 55°, which can be tested in the

coming LHC.
PACS. 13.25.Hw, 12.38.Bx

1 Introduction

The charmless B decays provide a good platform to test the
standard model (SM) and study the C P-violation, which
arouses great interest and has been discussed in the liter-
ature widely. But how about the B. decays, the b quark
of which has properties similar to the B meson? There are
some events of B, at Tevatron [1] and there will be a great
number of events appearing at LHC in the foreseeable fu-
ture. The progress of the experiments leads us to think of
the question: what will be the theoretical prediction on the
two-body non-leptonic B, decays?

Different from the B and Bs meson, the B. meson
consists of the two heavy quarks b and ¢, which can decay
individually. Because of the difference of mass, lifetime
and the relative CKM matrix element between b and c
quark, the decay rate of the two quarks is different, which
determines the unique property of B, decays. Though the ¢
quark’s mass is about one third of the b quark, leading to a
suppression of (M./My)%, the decay of the ¢ quark cannot
be ignored because the corresponding CKM matrix element
V.5 is larger than that of the b quark: V,,;, V. Because of
the small mass of the ¢ quark, the decay of the ¢ quark is
nearly at the non-perturbative scale, where there is a great
theoretical difficulty. Now we study the b quark decay first
and leave the study of the ¢ quark decay to the future.

In recent years, great progress has been made in study-
ing two-body non-leptonic B decays in the perturbative
QCD approach (PQCD) [2,3], QCD factorization [4] and
soft collinear effective theory (SCET) [5]. Though B, decay
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Fig. 1. Form factor in B, — Dm

has been studied [6] in the naive factorization approach [7,8]
many years ago, no one applies the method developed re-
cently in such processes. In this paper we will use B, — D7
as an example to discuss the B, decays in the PQCD ap-
proach.

The B. — D7 decay provides opportunities to study
the direct C'P-asymmetry. Different from the B decays [3],
B, — D has a direct C'P-asymmetry even without con-
sidering the contributions from penguin operators, because
the tree contributions from the annihilation topology pro-
vide not only the strong phase, but also the different weak
phase. According to the power counting rule of PQCD, the
tree contributions from the annihilation topology is power
suppressed. But the larger CKM matrix elements |V en-
hance the contribution making it larger than the penguin
contributions, so the direct C' P-asymmetry of B, — D
can be very large, which is found in our numerical analysis.

The study of B, decay also provides opportunities to
test kr factorization in the PQCD approach. According
to the numerical analysis in the literature, the form factor
contributions from Fig. 1 usually dominate the whole de-
cay. In the same way, the form factor also gives the main
contributions in the B, — D7 decay according to our nu-
merical analysis. Since the B, meson consists of two heavy
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quarks, the effect of k1 in the B, meson can be ignored and
the form factor B, — D only includes the k1 contributions
from the D meson. So it is easier to study how important
the kT contributions are in B, decays than in B decays
because the latter need to consider both kr contributions
of B and D meson.

The B, — D7 decay also provides a good platform
to study the D meson’s wave function. The D meson’s
mass Mp is not so large that it is hard to get the ideal
wave function of D meson by the expansion of 1/Mp as in
the B meson. One uses the form fitted from experimental
data generally. Such a discussion has been given by [9]
in the form factor of the B — D transition. It is better
to discuss the D meson wave function in B, — D for
two reasons: one is that the hierarchy between Mp_ and
Mp (Mp, > Mp) guarantees us that we may apply the
kr factorization theorem in this process; the other one is
that the wave function of B, is clean, which eliminates the
possible uncertainty from the B, meson. The experiment
of B, decays will test how reasonable this is. As the only
parameter with a large uncertainty, the wave function of
D meson need further theoretical investigation.

2 Framework

The hard amplitudes of these decays contain factorizable
diagrams (Fig. 1), where hard gluons attach the valence
quarks in the same meson, and non-factorizable diagrams
(Fig. 2), where hard gluons attach the valence quarks in dif-
ferent mesons. The annihilation topology is also included,
and classified into factorizable (Fig. 3) and non-factorizable
(Fig. 4) ones according to the above definitions.

In the calculations of all the diagrams, we can ignore
the k1 contributions of B, meson because it consists of two
heavy quarks. Furthermore, we can suppose the two quarks
b and ¢ of B meson to be on the mass shell approximately
and treat the wave function of B, meson as ¢ function for
simplicity, so we can integrate the wave function B, out
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Fig. 2. Non-factorizable emission topology in B, — D7
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Fig. 3. Factorizable annihilation topology in B, — D7
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Fig. 4. Non-factorizable annihilation topology in B, — D7

and the kt factorization form turns into

Form factor

(1)
~ /d4k1 Dp (k1) C(t) H(ky,t),

Other topology (2)

~ /d4k1d4k2 Dp (k1) Dy (ko) C(t) H(ky, kg, t),

where £y (9) is the momentum of the light (anti-) quark of
the D(7) meson. The non-factorizable topology includes
two kinds of topology: the emission topology (Fig.2) and
the annihilation topology (Fig. 4). In the above equations,
we sum over all Dirac structure and color indices. The
hard components consist of the hard part (H(¢)) and the
harder dynamics (C(t)). The former H (¢) can be calculated
perturbatively; the latter C(t) is for the Wilson coefficients
which run from the electroweak scale My, to the lower
factorization scale t. @) is the wave function of the D and
7 meson, including the non-perturbative contributions in
the kr factorization.

Throughout this paper, we use the light-cone coordi-
nate to describe the meson’s momentum in the rest frame
of the B, meson. According to the conservation of four-
momentum, we get the momentum of the three mesons B.,
D and 7 up to the order of 73 (ro = Mp/Mp.) as follows:

Mp
Py = 2B (1.1, 00),
B. \/5( T)

Mp,
V2

M
Py = —2<(0,1—72,07),

V2

where we have neglected the small mass of the pion and
higher order terms of r2. Such an approximation will be
used in the whole paper.

P2: (17TS7OT)7

(3)

3 Calculation of amplitudes
3.1 Wave function

The B, meson consists of two heavy quarks such that the
small Aqcp can beignored (Aqep = Mp, —Mp—M. < M.
or My), as can the quark transverse momentum kr. In
principle there are two Lorentz structures in the B or B,
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meson wave function. One should consider both of them in
calculations. However, it can be argued that one of the con-
tributions is numerically small [10], thus its contribution
can be neglected. Therefore, we only consider the contri-
bution of one Lorentz structure, such that we can reduce
the number of input parameters:

Pp,(z) = (#B. + Mp,)v50(x — Mc/Mp,). (4)

4N

The other two mesons’ wave functions read

i
Pp(x,b) = \/TWCWS(Pz + Mp)ép(z,b), (5)
Pr(2) = —z= 15 Paon(a) + Moxs % (0)

+ Morys (b1t — 1)o7 ()], (6)
where N, = 3 is color degree of freedom, and
Mor = M2/(m, + mg), n_ = (0,1,07) o P3, ny =

23

(1,0,07), €V123 = 1.

The momentum fraction of the light quark in the three
mesons can be defined by z1 = k./Pp_,x2 = k;/P;, T3 =
ks /Py . In the B, meson, there is also another relation
between 1 and r, = My/Mp_: x1 + 1 = 1.

3.2 Effective Hamiltonian

The effective Hamiltonian for the flavor-changing b — d
transition is given by [11]

ZV

quc

10
+ Z Ci(n)O
i=3

with the Cabibbo—Kobayashi-Maskawa (CKM) matrix el-
ements Vg = Vo4V and the operators

C1 ()OS (1) + Ca ()OS (1)

(7)

O = (dig;)v—a(@jbi)v—_a,

08 = (digi)v—a(@;b;)v—a,

O3 = (dibi)v - AZ 4jq;)v—-a;

V AZ quz V—A,

V AZ QJQJ V+A,
q

O6 = (dibj)v-a > _(Gai)v4a,
q

O7 = i(d bi)v— Aqueq 4i45)V+A,

Oy=(d

05 = (d;b

w
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3 - _
Os = 3 (dibj)v-a Zq: eq(qqi)v+as
3 - _
Oy = §(dibi)V7A Zq:eq(qg‘qj)V—A,
3 - _
O10 = 5 (dibj)v-a > eq(@a)v-a, (8)

q

with ¢ and j being the color indices. Using the unitary con-
dition, the CKM matrix elements for the penguin operators
0O3-019 can also be expressed as V,, + V., = —V;,.
The B. — D decay rates have the expressions
GZ M3,
= —-— AP (9)
32n

The decay amplitude A of the B, — D process from all
the diagrams can be expressed as follows:

ADUTr+ =V (f‘frFeTl + Mel;) +Ve (chFE + M;F)
= Vi (faF + [ FP + MG+ M2 (10)
+fp F [ B MY+ ML),
V2Api0 =V, (faFey + M) — Ve (f5.F + M)

~ Vi (faFE + fr 2 + [ FS?
+ MG+ M+ ME — fp FL!

— B - M - M) (11)
where F(M) denotes factorizable (non-factorizable) am-
plitudes, the subscript e(a) denotes the emission (annihi-
lation) diagrams. The subscript 1(2) denotes the process
Bf — D%t (B} — D*nY), the superscript T(P) de-
notes amplitudes from the tree (penguin) operators, and
fB. (fx) is the B, (7) meson decay constant. The detailed
expressions of these amplitudes are shown in Appendix A.

From (10) and (11), we can see that unlike B*, B(B?)
decays, we have three kinds of decay amplitudes with differ-
ent weak and strong phases: penguin contributions propor-
tional to V; and two kinds of tree contributions proportional
to V. and V,,, respectively. The interference between them
gives a large direct C' P-violation which will be shown later.

Asstated in the introduction, the two diagrams in Fig. 1
give the contribution for the B, — D transition form factor,
which is defined by

(Dldy"b|Be) = Fy (ply, +pp) + F- (P, — Plp) -
We calculate ;. in PQCD and get

4Afs
V2N,

X { [2ry, — 20 — (rp — 222)ra + (22 — 2113
X O (t’(al)> Sp (tél)> Hey (aeaﬁela b2)
+[(1 = z1)ra(2 — r2)]

(12)

1 oo
F, = nCrpMp, / dxg/ badbs ¢p (w2, b2)
0 0
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Table 1. Form factor F in the different values of wp

wp 0.40GeV
F. 0.154

0.45 GeV
0.169

0.50 GeV
0.174

X (g (t@) Sp <t£2)> Hep (e, Bea, bz)}, (13)

which is an expression similar to F.; without Wilson coeffi-
cients in the appendix. The numerical results of F; can be
found in Table 1: the form factor Fy is 0.16970 (2 including
the uncertainty of wp, which is comparable with previous
calculations [6,12].

3.3 Input parameters

For the D meson wave function, two types of D meson
wave function are usually used in the literature: one is [9]

3
2N,

¢p(x) = fox(1—2){1+ap(1—22)}

xexp |3 (b)) (14)

: (u}Db)z}7 represents the

kr distribution; the other one [13,14] is

in which the last term, exp [—

ép(x) = fpx(l—2z){1+ap(l—2z)},  (15)

3
2N,
which isfitted from the measured B — D /v decay spectrum
at large recoil. The absence of the last term in the (14) is
due to the insufficiency of the experimental data.
Though the wave function of the D meson turns out to
be more complicated when it runs at a velocity of about
0.6¢, the light quark’s momentum must be less than py /2
because the mass of the c quark is by far larger than Aqcp:
M. > Aqcp, so the wave function of D meson should be
strongly suppressed in the region x5 > 1/2 and even the
kr contributions are considered. In order to satisfy the
above condition, we give up the D wave functions above
and construct a new wave function, which also fits the
measured B — Dlv decay spectrum at large recoil:

¢p(z,b) = Np [z(1 —z))°

1 (aMp\® 1 9
xexp[—2< D) —2(wD)261, (16)

WD

where Np is a normalization constant to let

1
_ I

The behavior of the whole D meson wave function can be
seen in Fig. 5. Our choice of the third case has a broad peak
at the small z side, which characterizes the mass difference
of m. and my.

(17)
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Fig. 5. D meson wave functions: the dashed line for case 1 and
2, the solid line for case 3

The 7 wave functions [15,16] we adopt are calculated
by QCD sum rules and shown in Appendix B.
The other input parameters are listed below [17,18]:

fB, = 480MeV, fp =240MeV, f, =131MeV,
wp = 0.45GeV, My, =1.60GeV, ap = 0.3,
Mp, = 6.4GeV, M, =4.8GeV,
Mp = 1.869GeV, M; =170GeV,
My = 80.4GeV, 7+ = 0.46 x 10~ 5,

Gr = 1.16639 x 107> GeV 2. (18)
The CKM parameters used in the paper are
Vu
’ b1 = 0.085 + 0.020, (19)
cb
|Ves| = 0.039 £ 0.002, (20)
Val 1-=X%2/2|Vy
R=|=2|=—"%=12 . 21
= (21)

The CKM angle ¢3 = +y is left as a free parameter to discuss
C P-violation, defined by

=g (-7 ) =arg (V). (22)

(&

3.4 Numerical analysis

We fix v = 55° to discuss the central value of the numerical
results first.

Both process B} — D%zt and Bf — DT r are tree-
dominated. The branching ratios and main contributions
are give in Table 2, from which we can see that the branch-
ing ratio of BY — D%r* is much larger than that of
Bf — DTr°% Though they are both a tree-dominated
process, their branching ratios and percentage of differ-
ent topologies in the whole process are obviously different.
Because the annihilation topology gives the same contri-
butions to both processes, despite a /2 factor, the differ-
ence only comes from the emission topology. In the process
B — D™, contributions from the factorizable emission
topology dominate the whole tree contributions for the
large Wilson coefficients Cy + C1 /N, in (A.13), which oc-
cupy about 93% of the total even when the effect of CKM
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Table 2. Branch ratios and main contributions from tree op-
erators (1072 GeV)

Bf —» D%* Bf - D#°
f=FX 230 0.763
MY —0.379 + 0.863i  0.854 — 2.16i
fBFY  —3.35+ 5.49i —3.35 + 5.49i
MY 2.52 — 1.92i 2.52 — 1.92i
P
‘? 10% 40%
Br 0.978 x 1076 0.196 x 10~
213
X
;li 1.2
[aRE N
Tu 1
[a]
= 0.9
[a]
0.8
0.7 P | PR .
. 1 1.
0 0.5 5 r, 2
=
X
(=]
B
)
T
=)
@
0 P | P L

0] 0.5 1 1.5 2

Fig. 6. The correlation between Br(B. — D7) and 7

matrix element is considered (|A,| < |Ac|). On the contrary,
contributions from the factorizable emission topology in the
process Bf — D*70 are suppressed because the Wilson
coefficients C7 and Cy/N, in (A.14) cancel each other ap-
proximately. From Table 2 we also find that contributions
from the factorizable annihilation topology are at the same
order of non-factorizable emission topology.

The ratio of the penguin contributions over the tree
contributions is about 10% in the process Bf — DOz~
and about 40% in the process Bf — DT r% (Table 2). The
reason for the difference is the term 21, ¢2 (z3) in (A.4) from
the Og, Og operator contributions, having no factors like
x3 to suppress its integral value in the end-point region and
leading to large enhancement compared with other penguin
contributions. But the most important reason is that the
tree contribution is suppressed in the process B} — D*r°
due to the small Wilson coefficients Cy + C3/3 but is not
suppressed in the process BS” — D%+, The Og, Og contri-
butions also affect the dependence behavior of the branch-
ing ratio and the direct C' P-asymmetry on the CKM angle
7 in the process BCi — D*7% which will be discussed in
the following.

The correlation between Br(BF — D) and r,; is shown
in Fig.6. Because twist-3 terms of the = wave function
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Table 3. Branch ratios in the unit 107° for different wp

Bf - Dzt Bf - Dtx°

wp = 0.40GeV  1.03 0.128
wp = 0.45GeV  0.978 0.196
wp =0.50GeV  1.19 0.199

do not contribute to the form factor ((A.1) and (A.2)),
the variation of r, affects the process B} — D* 7% more
heavily than the process Bf — DrT, where the latter
dominated by the B. — D form factor diagrams. When
rr = 1.4, the twist-3 contributions are about 25% in the
process Bf — DrF. In the process B — D*x0, the
twist-3 contributions with a relative minus sign cancel some
of the twist-2 contributions. When 7, = 1.4, the branching
ratio of B — D*7? is about four times the branching
ratio with only twist-2 contributions. When r, = 0, the
twist-3 contributions vanish and only the contributions
from twist-2 terms in the m wave function are left. The
corresponding branching ratio is reduced to 0.95 x 1076 in
the process Bf — D7t and 0.092 x 1076 in the process
B}t — D70 respectively.

As the only free parameter with a large uncertainty,
the value of wp is the key point to the whole prediction
in the calculations of B. — Dmx. In Table 3 we discuss
the branching ratio in three groups of different w values:
wp = 0.40GeV, wp = 0.45GeV and wp = 0.50GeV,
from which we see that the variation of wp affects the
process BI — DYz slightly, but affects the process B —
D70 heavily.

According to the CKM parametrization shown in (19)—
(22), the decay amplitudes of B, — D7 can be written as

MD?T = VuTu + ‘/CTC - ‘/tp

=Vu.(T, + P) {1 _ 1+ Pe”}

RT,+P

=V, (T, + P) [1 - ze“*vm] , (23)

— 1
where z = =

T, +P ‘ _ ‘ﬁ
Tu+P | | Vu
§ = arg (TC + Tﬁ + P), from our PQCD calculation the

numerical value of which is 0.28 and 123° for B} — D7,
respectively. The emission topology in this channel is only
about one time larger than the annihilation topology due
to the small CKM factor |V, /V,|.

The corresponding conjugate decay of Bf — D reads

‘ T.4+P

TP ‘ and the strong phase

MB;—>D7T7(O) = VJ (Tu + P) |:1 - Zei(’y+6):| ) (24)

and the averaged branching ratio for B — D%(D%)7* reads

1 _
Br= 2 (M| + M) (25)
1
= §|Vu(Tu + P)|* [1 — 2z cosycos § + 2°]

which is a function of the CKM angle . Its numerical result
depends on + significantly: the larger 7, the smaller the
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Fig. 7. The correlation between the averaged branching ratio
and ~ in the process BY — Dort
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Fig. 8. The correlation between the direct C'P-violation and
7, the solid line for B¥ — D*r° and the dashed line for
BF — D°(D%)r*

averaged branching ratio, because cos§ < 0. The explicit
correlation between the averaged branching ratio BX —
D°(D%)7* and + is shown in Fig. 7.

The direct CP-violation AJL, is defined as

Adlr (26)
|M(Bf - DOt — | M(B; — DY)r= )

|M (B = DY r+O|* 4+ |M(B: —>D0<—>7r—(0>\

There are two different tree contributions and one kind
of penguin contribution with different strong and weak
phases, which will contribute to the C P-asymmetry. Using
(23) and (24), AL, can be simplified as

2z sin d sin
1—2zcosdcosy + 22’

Adir = - (27)

which is proportional to sin «y approximately. This is shown
in Fig. 8. When v = 55°, the direct C' P-asymmetry is about
—50% in the process B — D™,

The B, — D 7% process becomes a little more compli-
cated: the tree contributions from the emission topology
MZT (in Table 1) is suppressed due to the small Wilson
coefficients C7 4+ C5/3. In this case, the three different
contributions with different weak and strong phases (two
tree contributions and one penguin contribution) are at
the same order of magnitude. We can still use (25) and
(27) to get the behavior of the branching ratio and the
direct C'P-asymmetry on . Now the numerical values of
z and § are 3.1 and —20° respectively. Different from the
averaged branching ratio of the process B, — DT x?, the
averaged branching ratio of the process B. — D%zt be-
comes smaller when « becomes larger because cosé > 0.

Study of B, — D in the perturbative QCD approach
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Fig. 9. The correlation between the averaged branching ratio
and ~ in the process Bf - D*qp0

The behavior of the branching ratio and the direct CP-
asymmetry does not change much, but the shape of the
former turns sharper. In one word, the branching ratios of
BF — D* 70 shown in Fig. 9 are more sensitive to the value
of y, which is quite different from the case for B¥ — D7,
but the direct C'P-asymmetry of Bf — D*7° shown in
Fig. 8 does not change greatly because the large uncertainty
from 7 cancels in the ratio of the direct C'P-asymmetry.
When v = 55°, the direct C P-asymmetry is about 25%
in the process Bf — D*70. As pointed out in [19], the
C P-asymmetry is sensitive to the next-to-leading order
contribution, which is more complicated; the result shown
here should be taken carefully.

4 Conclusion

In this paper we discuss the process B, — D%zt and
B, — D*r%inthe PQCD approach and get their branching
ratios 1.031509 x 1076 and 1.9670 83 x 1077 respectively.
We also predict the possible large direct C P-asymmetry
in the two processes AYL (B — DO7%) ~ —50% and
AdL (B — D*n%) ~ 25% when ~v = 55°. The possible
theoretlcal uncertainty is also analyzed. We hope it can be
tested in the coming experiments at Tevatron, LHC and
the super-B factory.
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Appendix A: Contributions from all diagrams
1. Contributions from factorizable diagrams

All diagrams are sorted into two kinds: emission topology
and annihilation topology shown in Figs. 1 and 3, and Fig. 2
and 4. The factorizable tree contributions from emission
topology read

T(P1,P2)
Fei
4fB

= aN. nCrMp, / d172/ badba ¢p (w2, b2)
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x{[?rb — @9 — (ry — 2a2)ra + (22 — 21313 ]

x ExFTPD (0) Hoy (e, Bor, b2)
+[(1 —21)r2(2 — r2)]

xE;”:(Pl’m)(téQ))H@(ae,ﬂemb2)}, (A1)
FF3
= —%TKTCCFMQ‘ / 1dx2 / h badby (22, bs)
2N, B. 0 0 )

x{[—2 + 7y + (L —4drp + x2)ra + (15 — 222 + 2)7"3}
x 52 (t0) He (0te, Be, bs)
— [331 +2(1 —2z)re — (2 — xl)rﬂ

X EEH(#2)) Healve, oo ba) - (A.2)

Because b and ¢ are both massive quarks, there is no
collinear divergence in the B. — D transition, so the
threshold resummation need not be considered. In all the
expressions, T' denotes the contributions from tree opera-
tors, P1 denotes the penguin contributions with the Dirac
structure (V —A)®(V — A), P2 denotes the penguin contri-
butions with the Dirac structure (V —A)® (V+A), and P3
denotes the penguin contributions with the Dirac structure
(S — P)® (S + P); the subscript e(a) denotes the factoriz-
able emission (annihilation) diagrams, the subscript n (na)
denotes the non-factorizable emission (annihilation) dia-
grams.

The factorizable tree contributions from the annihila-
tion topology read

FT(PL)
1 oo

= 8nCrMp, / dzadas / bodbybsdbs ¢ p (2, b)
0 0

x{ [(ws = (1 +22)73) b (5)

+rora (1 + 223)¢8 (x3) — (1 — 233)¢7 (23))]
x EYPOOVH, (aia, Bar, ba, bs) Sy (23)

= [22(1 = 73) P (w3) + 2rora (1 + 22)BE (23)]
)EFOD D) Hy (0, Buzs bo. b))}, (A3)

FP3
1 e}

= —16nCrMp. / daodzs / badbabsdbs ¢p (22, b2)
0 0

X { [—rodn(x3) + rr (23 + (24 23)r3) ¢

+raxs(l —r3) 0% (x3)]
x B3 (t()) Hy (aa, Baz, b, b3) Si(23)
— [wara¢n(w3) + 2rx (1 = (1 — 22)r3 ) ¢ (3)]
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X B () Hol(as a2, b, ba)Sil2) |, (A.4)

where the factor S;(x) is the jet function from the threshold
resummation [20]

21+2¢1(3/2
Si(x) = (3/2+ )
VII(1+ c)
The factors EZ-T(P) (t) contain the Wilson coefficients a(t)

at scale ¢t and the evolution from ¢ to the factorization scale
1/b in the Sudakov factors S(%):

[z(1—2)]°, ¢=03. (A.5)

ELT (1) = as(t)a T (t) Spl(t),

ej ej
By (1) = as(t)ag " (1) Sp(1)S<(1).  (A6)
where Sp(t), Sx(t), the Sudakov factors, are defined as

t

Spt) = stesPfib) 42 [ P (4
1/by M
Sr(t) = s(xsPy ,b3) + s((1 — x3)P5 ,bs)
tdy
2 — , A8
+ /1/b3 L) (A.8)
and s(@, b) is given by [21]
s(Q,b) (A.9)
_ Q du 2 Q| as(p)
= /1/b 7 [{3(2%3 —1-In2) +CF1D#} -
67 w2 10 2 o) fas(w)\, Q
+{9327nf+3/801n2}< - ) ln; s

where the Euler constant Yy = 0.57722.. ., and v, = —as /7
is the quark anomalous dimension.
The hard functions H are

_ Ko(ab) — Ko(Bb)

Hoa(o 8,8) = UG — 20 (A.10)
1

Heo(0,6,0) = (5o Kolab), - (A1)

Ha(a,ﬂ,bhbz)

= [0(b1 — ba) Ko(ab1)Io(abs) (A.12)

+9(b2 — bl)Ko(abg)Io(Oébl)] Ko(ﬁbg),

where Ky, Iy, Hy and Jy are the Bessel functions of order
0. It is implied that the transformed Bessel functions K
and Iy become the corresponding Bessel functions with real
variable when their variables are complex.

The Wilson coefficients a; read

C
agi(t) = Ca + 57 (A.13)

C C
afll(t) =04+ ﬁg + Cio + ﬁg’
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c c
b3 (t) = (CG + N"’) + (Cs + N7) ,

C
ag>(t) = 1+ 57 (A.14)
Cs\ 3 c
aly (t) = — <C4 + Nd> + 5 <Cg + ]\;0)
C
+2 (CIO + Ni) )
3 C
a3t = (07+ NS) , (A15)

C 1 o
aB3(t) = — <CG+ N5> +5 (Cg+ N7>

All the Wilson coefficients C; above should be evaluated
at the appropriate scale t. The hard scale ¢ is chosen as
the maximum of the virtuality of the internal momentum
transition in the hard amplitudes, including 1/b;:

t{) = max (|acl, [Ber, 1/b2)
t{?) = max (|acl, |Bezl, 1/b2) ,
t) = max (|Ba1|, 1/b2,1/bs),
1) = max (|Baa|, 1/b2, 1/bs),

where
af = (1 -z — @) (w1 —15)Mp,
25 = [y — 22(1 - r3)] M5,
% = (1 —x1) (21 —15)Mp,
ai = —£C2$3M%C(1 — Tg),
Bh = —e3Mp (1 -r3),
Bra = —w2Mp (1 —r3).

(A.16)

2. Contributions from non-factorizable diagrams

Different from factorizable diagrams, non-factorizable di-
agrams include the convolution of all three wave functions
and, of course, the convolution of Sudakov factors. Their
amplitudes are

AT

_ 8
- %

X¢p (22, b2)pr(3)

x{[l—x1 —x3—(1—301—%2)7“2—(952—2553)7“5]

1 [e%s}
TECFfBMéc / dIQdJJg / bgdbgbgdbg,
0 0

XE’EE(pil) (tz(il)) Ha(anevﬁne17b2;b3)
+[(2x1 + 20 —x3— 1)+ (1 — 21 — 22)79

+ (—2z1 — 2 + 223)73
XE:e(F;'l)(tgz)) Ha(anea ﬂne27 b27 bS)};

P2
M,

(A.17)

1 [e%s)
= inrwcp feMp, / dzodas / bodbobsdbs
N, ~Jo 0

X ¢p(z2,bs)

x{[(l —x1 — 23+ (2 — 221 — 22 — x3)72
+(1—x1 —x2+ xg)rg) oP (x3)

+ (1 -2y —x3+ (22 — x3)r2

+ (=14 21 + 22 + 23)r3) 97 (23)]

X Ep2 (1) Hy(ome, Baer, b2, bs)

+(x1 — 23+ (221 + 2 — 23 — 1)1r2

+ (21 + m9 + 13 — 2)13) PP (3)

+(—z1 + 23+ (2 + 23 — 1)1rg

+ (21 + 22 — a3)r3) ¢7 (3)]

XErljezi(tgz))Ha(anevﬁne%bQ;bS)}, (A18)
M

1 o)
= incF feMg / dzodzs / bydbabsdbs
N ~Jo 0

X¢p (2, b2)dx(3)

x{ -2+ 201 + 23+ 25 + (1 — 21 — 2213
+(2 = 22y — w2 — 223)13]

xEnd i(t) Ha(atne, Buet, ba, bs)

+ [—xl + a3+ (z1 + 22 — 1)ro — (z2 + 223 — 2)r§]
X Ep? (t$2)) Ha(0me, Buc2, bz,bs)},

MT(Pl)

(A.19)

8 1 0o
= FTCCFfBM%C / dxzdl‘g / debeg,dbg(Z)D(l‘g,bz)
c 0 0

X { (=21 + 22 + 12)Pr (23)

+(—2x1 + x2 + 3 + dro)ror.¢L(x3)

+ (w2 — @3)rorrdy(23)]

} Bt (#1) Hya(@imas Bnat s bo)

+[(1 =21 — a3 —rp + (22 + 203 + ro)73 ) fx(x3)
+(2 = 2my — wg — w3 — 4ry)ror. L (x3)

+ (22 — w3)r2rn @7 (23)]

XE:;(ll:)l)(tni)) Hna(anaa/@na27b2)}7 (A20)
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MP2
8 ) 1 oo
= — FTECFfBMBC d.’EQdCEg bgdb2b3dbg
c 0 0

X0 (w2, bo){[(~21 + w2 = r2)72 6 (3)

+ (21 — 23+ r2 + (21 — 22 + 23)1r3) el (23)

+ (1 + 22 — 23 + (=21 + 22 + 23)713) 71 D7 (23)]
Erlljczl( (1))Hna(ana7ﬂna1,b2)

— (=1 =7y + 1 + x2) 72 (23)

—|—(1—|—rb—x1 —xz3+ (1471, — a1 —x2+$3)7‘§)

X7 P (3)

—l—(l—l-?“b—xl—x3+(—1—rb+x1+x2+x3)r§)

X 70 (08)] ELA (H2) Hua(Gnas Brazsb2) 5 (A21)

where the hard kernel H,, is defined as

Ko(ab) — Ko(3b)
P _ao? ’

Hna(a7 ﬁv b) =

and the factor E(t) turns into

EYPY (1) = ag()at 0 (1) Sp(£)SH (1), (A.23)

nej nej

where the Wilson coefficients a read

e (t) = C1,
e (t) = Cs + Co,
apey (t) = Cs + Cr,
pea(t) = Cs,

1 3
abL(t) = —Cs + 5Cg + 5010,

1
agfz(t) =—-Cs+ 507,

ne2

The hard scale t is chosen as the maximum of the vir-
tuality of the internal momentum transition in the hard

amplitudes, including 1/b;:

(Y = max (|anel, | Buet |, 1/b2,1/bs) ,
t® = max (|anel, | Bue2|, 1/ba2, 1/bs) ,
t{Y = max (|anal, |Bnal, 1/b2)
t{Y = max (|anal, |Boaz], 1/b2) ,

where

n

a = (1= —x9)(z1 — r%)M%C,

Bner = —(1 — 1 — x2)

(A.22)

abs,(t) = gcg. (A.24)

x [(1—a3) (1 —73) — 21 + 3] M%C,
Bnez = —(1 — @1 — m2) [w3(1 — r3) — x1 +15] MB_,
ol = —$21'3M]23C(1 —r2),

ﬂnal =T [1'2 + 1’3(1 - 7”2)} MB )
Bnar = (1 — 21) [w2 + x3(1 — 7“2)] MB (A.25)

Appendix B: The m meson wave functions

The different distribution amplitudes of 7 meson wave func-
tions are given as [15,16]

3
Or(z) = %fﬂx(l —x) (A1)
x {1 1044032 (20 — 1) +0.25C% % (20 — 1)} :
» Jx
Pn(z) = WG (A.2)
[1+04301/2( 1) +0.09C}2 (22 — 1)}7
¢ (z) = I (1 —22) [1+0.55(102® — 10z + 1)]

2v/6
(A.3)

with the Gegenbauer polynomials

(1) = S (3 1), CY2(0) = S (351"~ 300% +3),
3/2 30 32, 15 4 )
G331 = S8 — 1), €Y () = 221 — 1442 1),
(A.4)
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